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Let X be any nonsingular complex projective variety with a linear action of a complex 
reductive group G, and let X ss and X s be the sets of semistable and stable points of X in 
the sense of Mumford's geometric invariant theory J7j. We can choose a maximal compact 
subgroup K of G and an inner product on the Lie algebra t of K which is invariant under 
the adjoint action. Then X has a C7-equivariantly perfect stratification {Sp : (3 G £>} by 
locally closed nonsingular C7-invariant subvarieties with X ss as an open stratum, which can be 
obtained as the Morse stratification for the normsquare of a moment map \i : X — > t* for the 
action of K on X In this note the Morse stratification {Sp : (3 G B} is refined to obtain 
stratifications of X by locally closed nonsingular C7-invariant subvarieties with X s as an open 
stratum. The strata can be defined inductively in terms of the sets of stable points of closed 
nonsingular subvarieties of X acted on by reductive subgroups of G, and their projectivised 
normal bundles. 

These refinements of the Morse stratification are not in general equivariantly perfect; that 
is, the associated equivariant Morse inequalities are not necessarily equalities. However when 
G is abelian we can modify the moment map (or equivalently modify the linearisation of 
the action) by the addition of any constant, since the adjoint action is trivial. Perturbation 
of the moment map by adding a small constant then provides an equivariantly perfect re- 
finement of the stratification {Sp : (3 G £>}, and a generic perturbation gives us a refined 
stratification whose strata can be described inductively in terms of the sets of stable points 
of linear actions of reductive subgroups of G for which stability and semistability coincide. 
This is useful even when G is not abelian, since important questions about the cohomology of 
the Marsden-Weinstein reduction fi~ 1 (0)/K (or equivalently the geometric invariant theoretic 
quotient X//G) can be reduced to questions about the quotient of X by a maximal torus of 
G. 

The same constructions work when X is a compact Kahler manifold with a Hamiltonian 
action of K. Even when X is symplectic but not Kahler, refinements of the Morse stratification 
for ||/i|| 2 can be obtained by choosing a suitable almost complex structure and Riemannian 
metric. 
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The moduli spaces M. (n, d) of holomorphic bundles of rank n and degree d over a Riemann 
surface £ of genus g > 2 can be constructed as quotients of infinite dimensional spaces 
of connections, in a way which is analogous to the construction of quotients in geometric 
invariant theory; the role of the moment map is played by curvature and the role of the 
normsquare of the moment map is played by the Yang-Mills functional. In jTHj refinements 
of the Morse stratification of the Yang-Mills functional are studied using the ideas of this 
paper. The motivation for this study was the search for a complete set of relations among 
the standard generators for the cohomology of these moduli spaces Ai(n, d) when n and d are 
coprime and n > 2 [3] . 

The layout of this paper is as follows. §1 reviews some background material and §2 uses 
the partial desingularisation construction of jTU] to define a stratification {E 7 : 7 G T} of X ss 
with X s as an open stratum. §3 gives an inductive description of the strata S 7 in X ss in terms 
of the stable and semistable points of linear actions of reductive subgroups and subquotients 
of G on nonsingular subvarieties of X and their projectivised normal bundles. §4 refines the 
stratification {E 7 : 7 G T} to obtain strata which are described inductively purely in terms 
of the stable points (not the semistable points) of the linear actions appearing in §3, and in 
§5 this stratification is used to refine the Morse stratification {Sp : (3 6 £>} of X. In §6 an 
alternative refinement of this stratification is obtained when G is abelian by perturbing the 
moment map; in this case the inner product on the Lie algebra of K can also be perturbed to 
give a refined stratification. Finally §7 discusses applications to the study of the cohomology 
ring of the Marsden-Weinstein reduction /i _1 (0)/i ; r (or equivalently the geometric invariant 
theoretic quotient X//G), and in particular the relationship between this cohomology ring 
and the corresponding cohomology ring when G is replaced by a maximal torus. 



1 Background 

In this section we shall review briefly the material we need from jS] (see also [d^ I17| HH]. 

Let X be a connected nonsingular projective variety embedded in projective space P n and 
let G be a complex reductive group acting linearly on X via a homomorphism p : G — > 
GL(n + 1;C). Then G is the complexification of a maximal compact subgroup K, and by 
rechoosing the coordinates on P n if necessary, we can assume that K acts unitarily on ¥ n via 
p : K —> U(n + 1). 

The geometric invariant theoretic quotient X//G is the projective variety whose homoge- 
neous coordinate ring is the G-invariant part of the homogeneous coordinate ring of X. A 
point x of X is called semistable if there exists an invariant homogeneous polynomial / which 
does not vanish on x, and x is called stable if in addition the orbit Gx is a closed subset of the 
set of stable points X ss and has dimension dimG. There is a rational map from X to X//G 
which restricts to a G-invariant surjective morphism 

: X ss -> X//G 

from the open subset X ss of X, and every fibre of <fi which meets the set X s consisting of the 
points of X which are stable for the action of G is a single G-orbit in X ss . The image of X s 
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is an open subset of X//G which can thus be identified via with the quotient X s /G. We 
shall assume that X s ^ (but see Remark |2.1|) . 

X has a Kahler structure given by the restriction of the Fubini-Study metric on P n , and 
the Kahler form u is a K- invariant symplectic form in X. There is a moment map fi : X — > 6*, 
where fi is the Lie algebra of K, defined by 

fji(x) = p*((27Ti||x*| 2 )"Vr') 

for x G X C P n represented by x* G C" +1 \{0}, when the Lie algebra of U(n + 1) and its 
dual are both identified with the space of skew- Hermit ian (n + 1) x (n + 1) matrices in the 
standard way Then /i _1 (0) is a subset of X ss , and the inclusion induces a homeomorphism 
from the Marsden-Weinstein reduction (or symplectic quotient) fi~ l (Q)/K to the geometric 
invariant theoretic quotient X//G. In fact X ss is the set of points x in X such that /i _1 (0) 
meets the closure of the G-orbit of x, and X s is the set of points i in X such that /i _1 (0) 
meets the G-orbit of a; in a point which is regular for fi. In the good case when X ss = X s then 
X//G = X ss /G and its rational cohomology is isomorphic to the equivariant cohomology of 
X ss . 

If we fix an invariant inner product on the Lie algebra fi then we can consider the function 
|w| as a Morse function on X. It is not in general a Morse function in the classical sense, 
nor even a Morse-Bott function, since the connected components of its set of critical points 
may not be submanifolds of X, but nonetheless it induces a Morse stratification {Sp : (3 G B} 
of X such that the stratum to which x G X belongs is determined by the limit set of its path 
of steepest descent for \\fi\\ 2 with respect to the Fubini-Study metric. This stratification can 
also be defined purely algebraically and has the following properties 0. 

Proposition 1.1 i) Each stratum Sp is a G -invariant locally closed nonsingular subvariety 
ofX. 

ii) The unique open stratum Sq is the set X ss of semistable points of X . 
Hi) The stratification is equivariantly perfect over the rationals, so that 

dimH l G {X) = dimH^X 33 ) + ^ dimif^ A(/3) (^) 
where A(/3) is the real codimension of Sp in X. 

iv) If (3 then there is a proper nonsingular subvariety Zp of X acted on by a reductive 
subgroup Stab/5 of G such that 

TT* ( Q \ ~ 11* I rySS\ 

where Z^ s is the set of semistable points of Zp with respect to an appropriate linearisation of 
the action o/Stab(/3). 

Remark 1.2 i) All cohomology in this paper has rational coefficients. 

ii) We shall assume that the invariant inner product chosen on t is rational, and we shall use 
it to identify fi* with fi throughout. 

iii) Note that G-equivariant cohomology is the same as i^-equivariant cohomology, since G 
retracts onto its maximal compact subgroup K. 
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If we choose a positive Weyl chamber t + in the Lie algebra t of a maximal torus T of K, 
then we can identify the indexing set B with a finite subset of t + (or equivalently with the set 
of adjoint orbits of the points in this finite subset of t+, since each adjoint orbit meets t+ in 
exactly one point). More precisely, let cuo, cn n be the weights of the representation of T on 
C n+1 and use the restriction to t of the fixed invariant inner product on t to identify t* with 
t. Then /3 G t+ belongs to B if and only if (3 is the closest point to of the convex hull in 
t of some nonempty subset of {a , ...,a n }. Moreover Stab(/3) is the stabiliser of (3 under the 
adjoint action of G, and Zp is the intersection of X with the linear subspace 

{[x : ... : x n ) G P„ : x { = if a, t .p ^ \\(3\\ 2 } 

of P n . Equivalently Zp is the union of those connected components of the fixed point set of 
the subtorus Tp of T generated by (3 on which the constant value taken by the real-valued 
function x \— > fi(x).(3 is \\/3\\ 2 . If we use the fixed inner product to identify t with its dual, 
then the image \i{Zp) of Zp is contained in the Lie algebra of the maximal compact subgroup 
Stabx(/3) = K fl Stab(/3) of Stab(/3). Since moment maps are only unique up to the addition 
of a central constant, we can take \i — (3 as our moment map for the action of Stab^(/3) on 
Zp. This corresponds to a modification of the linearisation of the action of Stab(/3) on Zp 
whose restriction to the complexification TS of Tp is trivial, and we define Z^ s to be the set 
of semistable points of Zp with respect to this modified linear action. Equivalently, Zp s is 
the stratum labelled by (the minimum stratum) for the Morse stratification of the function 
\fi - /3\\ 2 on Zp. Then 

Sp = GYp\ |J GY^GY™ (1.1) 

Il7ll>l/*l 

where 

Yp = {x G X : Xi = if ai.p < \\(3\\ 2 } 

and 

Yp = {x G Yp : Xi for some i such that = ||/5|| 2 }, 

while 

Yp s =Pp\Z s p s ) (1.2) 
where pp : Yp — > is the obvious projection given by 

pp(x) = lim exp(— it(3)x. (1.3) 

Remark 1.3 In |Hj is defined as above to be the set of semistable points of Zp with 
respect to the action of Stab(/3) with the linearisation modified in a way which corresponds to 
replacing the moment map \x by (a positive integer multiple of) /i — (3. However we can, if we 
wish, regard \i — (3 as a moment map for the action of Stab^(/3)/T /3 on Zp, and then Z% s is the 
set of semistable points for the induced linear action of its complexification Stab(/3)/T|. The 
advantage of this description is that the analogous definition of Zi is a useful one, whereas Zp 
has no points which are stable with respect to the action of Stab(/?) when f3 ^ 0. Therefore 
we shall define Z% to be the set of stable points for the action of Stab(/?)/TS on Zp, linearised 
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so that the corresponding moment map is a positive integer multiple of \i — (3. Equivalently 
Zp s and Zp are the sets of semistable points of Zp under the action of the subgroup of Stab(/3) 
whose Lie algebra is the complexification of the orthogonal complement to f3 in the Lie algebra 
of StaM/3). 

In fact if B is the Borel subgroup of G associated to the choice of positive Weyl chamber 
t + and if Pp is the parabolic subgroup _BStab(/3), then Yp and Yp s are P^-invariant and we 
have 

^ = Gx P /;. (1.4) 

Moreover Yg is a nonsingular subvariety of X and pp : Yg — > Zp is a locally trivial fibration 
whose fibre is isomorphic to C 1710 for some mp > 0. 

Now an element g of G lies in the parabolic subgroup Pp if and only if exp(—it/3)gexp(it/3) 
tends to a limit in G as t — > oo, and this limit defines a surjection qp : Pp ^ Stab(/3). Since 
the surjections p/j : Y^ s — > and qp : Pp ^ Stab(/9) are retractions satisfying 

p/j(^) = qp{g)vp{x) (1-5) 

for all g & Pp and x G Y^ s , this gives us the isomorphism 

#g(<^J = - H StabC9)^ ) 

of Proposition II . lf iv) . Moreover since G = KB and B C Pp we have GYg = irt/j, which is 
compact, and hence 

^CG^C^U |J S 7 . (1.6) 

h\\>\m 

Note that ] G X is semistable (respectively stable) for the action of the com- 

plex torus T c if and only if belongs to the convex hull in t of the set of weights {<x,- : Xj ^ 0} 
(respectively to the interior of this convex hull), and that x is semistable (respectively stable) 
for the action of G if and only if every element gx of its G-orbit is semistable (respectively 
stable) for the action of T c . In particular this tells us that 

S = X ss . 

It also tells us that if f3 G B and if y G Yp\Yp s , then there is a subset S of {ctj 
such that 

y G Stab(/3)1> 

where (3 1 is the closest point to of the convex hull of S and (3' ^ [3. 

Remark 1.4 Of course the definitions of the subvarieties Zp, Z^ s and so on in this section 
depend upon the action of G on X C p n and its linearisation via the representation p : G — > 
GL(n + 1;C). When it is necessary to make these explicit in the notation we shall write 
Zp(X,p), Zp s (X,p) and so on, but we shall omit X if X = P n , so that for example 

^(x,p)=xnz /3 ( P ). 



: a,-./? > ||/3|| 2 } 
(1.7) 
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Remark 1.5 In the special case when every semistable point is stable, the quotient variety 
X//G is topologically the ordinary quotient X ss /G where G acts with only finite stabilisers 
on X ss , which means that its Betti numbers dim H l (X//G) are the same as the equivariant 
Betti numbers dim H l G (X ss ) of X ss . These can be calculated inductively using Proposition ll.il 
together with the fact that the equivariant cohomology of a nonsingular complex projective 
variety is isomorphic as a vector space to the tensor product of its ordinary cohomology and 
the equivariant cohomology of a point. 

Remark 1.6 If X is any compact symplectic manifold with a Hamiltonian action of a compact 
Lie group K and a moment map /i : X — > {*, then the Morse stratification of \\fi\\ 2 has 
essentially the properties described here, with G replaced by K and Pp replaced by KnStab(/3) 

S- 

2 Stratifying the set of semistable points 

Suppose now that X has some stable points but also has semistable points which are not stable. 
In [TO! it is described how one can blow X up along a sequence of nonsingular G-invariant 
subvarieties to obtain a G-invariant morphism X — > X where X is a complex projective variety 
acted on linearly by G such that X ss = X s . The induced birational morphism X//G — > X//G 
of the geometric invariant theoretic quotients is then a partial desingularisation of X//G in 
the sense that X//G has only orbifold singularities (it is locally isomorphic to the quotient of 
a nonsingular variety by a finite group action) whereas the singularities of X//G are in general 
much worse. In this section we shall review the construction of the partial desingularisation 
X//G and use it firstly to stratify X ss and subsequently (in §5) to refine the stratification 
{Sp : (3 G B} of X described in §1. 

The set X ss can be obtained from X ss as follows. There exist semistable points of X 
which are not stable if and only if there exists a non-trivial connected reductive subgroup of 
G fixing a semistable point. Let r > be the maximal dimension of a reductive subgroup of G 
fixing a point of X ss and lZ{r) be a set of representatives of conjugacy classes of all connected 
reductive subgroups R of dimension r in G such that 

Z s l = {xeX ss :R fixes x} 

is non-empty. Then 

U GZ R 

is a disjoint union of nonsingular closed subvarieties of X ss . The action of G on X ss lifts to 
an action on the blow-up X^ of X ss along IJ,Re-R.(>) ^Zr wn i cn can be linearised so that the 
complement of Xf*\ in X^ is the proper transform of the subset (p~ 1 ((j)(GZ^)) of X ss where 
<f) : X ss —>■ X//G is the quotient map (see [TO 7.17). Moreover no point of XfA is fixed by a 
reductive subgroup of G of dimension at least r, and a point in Xf^ is fixed by a reductive 
subgroup R of dimension less than r in G if and only if it belongs to the proper transform of 
the subvariety Z R S of X ss . 
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We can now apply the same procedure to Xf^ to obtain Xf^ such that no reductive 
subgroup of G of dimension at least r — 1 fixes a point of X?£y If we repeat this process 
enough times, we obtain X?A = X ss , X^y X^y ■ ■ ■ sucn that no reductive subgroup of 
G of positive dimension fixes a point of Xf'y and we set X ss = Xf\. Equivalently we can 
construct a sequence 

V ss - V ss V ss V ss - V ss 

A (i? ) - A ' A (i?l)> • • • ' A («r) - A 

where Ri, . . . , R T are connected reductive subgroups of G with 

r = dim Ri > dim R 2 > ■ ■ ■ dim R T > 1 , 

and if 1 < / < r then -X^,) is the blow up of Xf^ ^ along its closed nonsingular subvariety 

GZ% = G x Nt Z s £, where N t is the normaliser of Ri in G. Similarly X//G = X ss /G can be 
obtained from X//G by blowing up along the proper transforms of the images Z R //N in X//G 
of the subvarieties GZ R S of X ss in decreasing order of dim R. 
If 1 < I < r then there is a G-equivariant stratification 

{S P>1 : (3 g B,} 

of -X"^) by nonsingular G-invariant locally closed subvarieties such that one of the strata, 
indexed by G B;, coincides with the open subset X R S of X Rl . This stratification is constructed 
exactly as the stratification {Sp : (3 G B} of X was constructed in the last section; note that 
-X(flj) is in general only quasi-projective rather than projective, but it is shown in [TU] that the 
construction of the stratification still works for XmA and the properties given in Proposition 
O still hold. 

There is a partial ordering on B\ with as its minimal element such that if (3 G Bi then 
the closure in X/^ of the stratum Spj satisfies 

Sp,i ^ ^7,;- 

If (3 G B\ and /3 7^ then the stratum Spj retracts G-equivariantly onto its (tranverse) 
intersection with the exceptional divisor E\ for the blow-up -X(_r ; ) — > Xf Ri This exceptional 

divisor is isomorphic to the projective bundle P(jVj) over GZ R , where Z R is the proper 
transform of Z R[ in Xf Ri s and Mi is the normal bundle to GZ Ri in X R[ _ i . The stratification 
{Spj : [3 G Bi} is determined by the action of Ri on the fibres of Mi over (see [TU] §7). 
The composition 

A - A (/? T ) -* A (i?. T -l) ~* • • * A (i?l) ~* A 

is an isomorphism over the set X s of stable points of X, and the complement of X s in X ss is 
just the union of the proper transforms in X ss of the exceptional divisors Ei, . . . , E^ for the 
blow-ups X Rl — ► Xf R> s for / = 1, . . . , r. 

We can now stratify X ss as follows. We take as the highest stratum the nonsingular closed 
subvariety GZ Ri whose complement in X ss can be naturally identified with the complement 
X( Rl ^\Ei of the exceptional divisor E\ in X( Rl y Recall that GZ Ri =Gx^ Z Ri where N± is 
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the normaliser of R\ in G, and Z Rl is equal to the set of semistable points for the action of 
Ni, or equivalently for the induced action of N\/Ri, on Z Rl , which is a union of connected 
components of the fixed point set of R\ in X (see jTHj §5). Since R\ has maximal dimension 
among those reductive subgroups of G with fixed points in X ss , we have 

rySS rys 

"Ri — ^Ri 

where Z S R is the set of stable points for the action of N1/R4 on Z Rl for 1 < I < r. 
Next we take as strata the nonsingular locally closed subvarieties 

{S P)1 \Et : (3 e B 1} (3 ^ 0} 

of X( Rl) \Ei = X SS \GZ S R \, whose complement in X (Hl) \£i is just X^^Ex = X s {Ri) \E( s 
where Ef s = Xf Ri j n Ei, and then we take the intersection of Xf R AEi with GZ S R S 2 . This 
intersection is GZ S R2 where Z S R2 is the set of stable points for the action of N2/R2 on Z R2 , and 
its complement in Xf R AEi can be naturally identified with the complement in X^ R2 ) of the 

union of E 2 and the proper transform E\ of E\. 

Our next strata are the nonsingular locally closed subvarieties 

{S^\(E 2 UE 1 ):0eB 2 ,/3^O} 

of X(R 2 )\(_E 2 U-Ei), whose complement in X(r 2 )\(£ , 2 U^i) is Xf R A(E 2 UEx), and the stratum 
after these is GZ Ra . Repeating this process gives us strata which are all nonsingular locally 
closed G-invariant subvarieties of X ss indexed by the disjoint union 

{Rx} U {R^xiBMO}) U ■•• U {R T } U {R T }x(B T \{0}), 

and the complement in X ss of the union of these strata is just the open subset X s . We take 
X s as our final stratum indexed by 0, so that the indexing set for our stratification of X ss is 
the disjoint union 

T = {R x } U {R x } x (B 1 \{0}) U ■ ■ ■ U {R T } U {R T } x (H^\{0» U {0}. (2.1) 

Moreover the given partial orderings on B\, . . . , B T together with the ordering in the expression 
()2.1|) above for T induce a partial ordering on T, with Ri as the maximal element and as the 
minimal element, such that the closure in X ss of the stratum S 7 indexed by 7 £ T satisfies 

S^C |J E s . (2.2) 

5er,5>7 

Thus this process gives us a stratification 

{E 7 : 7 £ T} (2.3) 

of X ss such that the stratum indexed by the minimal element of T coincides with the open 
subset X s oiX ss . 
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Remark 2.1 We have been assuming that X s 7^ 0, but this procedure gives us a stratification 
of X ss even when X s is empty. The only difference when X s is empty is that the procedure 
terminates at some stage I when 

and gives us a stratification indexed by 

r = {R 1 } U {R,} x (BA{o» u ■ • • U {R^} U {i^} x (B,_i\{0» U {Rt} 

such that the stratum indexed by the minimal element Ri of T is the open subset GZ R of 
X ss . Note also that Zj^ is nonempty, since otherwise 

Z% = N t Z% 

for some R containing Ri with dimi? > dim/?;, and then 

/~i rySS /~irySS ySS 

CtZ. r — Lx/ JR — A , 

so the procedure would have terminated at an earlier stage. 



3 Inductive description of the strata H 7 in X ss 

The last section described a stratification {£ 7 : 7 G T} of X ss such that the stratum indexed 
by the minimal element of T coincides with the open subset X s of X ss . In this section we 
shall study the strata £ 7 in more detail. 

Note that the strata £ 7 with 7 7^ fall into two classes. Either 7 = Ri for some I G 
{1, t}, in which case the stratum E 7 is 

GZ RV 

or else 7 = (i?;, /3) where (3 G £>;\{0} for some / G {1, r} and the stratum S 7 is 

Sm\(E 1 \JE 1 - 1 U...UE 1 ). 
In the latter case we know from (jl.4[) that 

= GYpj = G x P/3 l Yffi (3.1) 
where Yg| fibres over Z^ via p@ : Yp\ — > Z s p\ with fibre <C mi) - 1 for some mpj > 0, and 

5^ n E l = G(Yfi f] Ei) = G x Pw (Y^ n £,) (3.2) 
where Yg| fl i?j fibres over with fibre c m,3 ' i_1 (see Lemmas 7.6 and 7.11). Thus 

Sp,i\Ei = G x Pf3 l (Ypj\Et) (3.3) 
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where Y^\Ei fibres over Zf x with fibre C" 1 ^ 1 ' 1 x (C\{0». Let 

m : Ei = P(M) - 

denote the projection. Lemma 7.9 of JU] tells us that if x G Z|? then the intersection of Spj 
with the fibre irj~ l (x) = P(Afi >x ) of 717 at x is the union of those strata indexed by points in the 
adjoint orbit Ad{G)f3 in the stratification of P(A/j, x ) induced by the representation pi of i?z on 
the normal Ni jX to GZjj at x. Note that we can assume that Ri fl if is a maximal compact 
subgroup of i?/ and that i?; fl T is a maximal torus for Ri fl if, and then Ad(G)f3 meets a 
positive Weyl chamber for Ri in Lie(i?; fl T) in a finite number of points 

(3 = f3 l = Ad{w x )(3 : fa = Ad(w 2 )(3, . . . , (3 rp i = Ad{w rp i )f3 

where W\ = 1, u>2, ■ ■ ■ , w r0 , G G represent elements of the Weyl group of G. 

Now if y G Zf* and iri(y) = gx where g G G and x G Zj^, then x is fixed by Ad^g^ 1 )^ 
and so Ad{g~ 1 )f3 lies in the Lie algebra of Ri. Since i?/ fl T is a maximal compact torus of 
R h there exists r e Ri such that Ad{rg~ l )(3 G Lze(i?; n T). Then Ad^g- 1 )^ = Ad(wj)(3 
for some j G {1, ...,773^}, and hence w~ x rg~ x G Stab(/3), so g G Stab(/3)^ 1 i?;. Conversely if 
g = hwj l r where h G Stab(/3) and r G i?;, then y G Z|* if and only if h~ 1 y lies in ZJ® where 
7Ti(/i _1 y) = w~ x rx G wj 1 ^^. Thus 

Z#= |J Stab(/3)(z^n«;7V(^)) 
= |J Stab^^^l^.^nTrr 1 ^)). 

l<j<rg,i 

Also if Stab(/3)(Z$ n wj 1 ^ - meets Stab(/?)(Z^ n u^ 1 ^ ^Zf^)) then Stab^u^Zf^ 

meets w~ l Z s ^ v and since GZfj* = G x Nl this means that there is some h G Stab(/3) and 
n G Ni such that u>j/t = nWj, so that /3, = Ad{wi)(3 G Ad{N{)(3j. Conversely if $ G Ad(Ni)f3j 
then WjA = moj for some /i G Stab(/3) and n G Ni, and so 

Stab(/3)(Z^ n wj\i\Z%)) = Stab(/3)(Z^ n h'VW 1 ^)) 
= Stab(/?)(Z^n™rV(^))- 

Thus Z|* is a disjoint union 

Z%= □ Stab(^)(z^n W rV(^)) 

where = /3, . . . , Ad(w Sfj J/3 form a set of representatives for the Ad{N{) orbits in 

Ad(G)/3, and Y|j and Spj can be expressed similarly as disjoint unions. In fact, since by (jl.5j) 
the fibration 

V p : Y% - Z% 
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satisfies pp(gy) = <lp{g)pp{y) for all g G Pp and y G Y%\ where qp : Pp — > Stab(/3) is the 
projection, we have 



l<j<S0,l 

and 



S/M = U Gp-p l [z s p s ^wJ l ^\Z 



i<i<*/3,i 



This means that we could, if we wished, replace the indexing set £>;\{0}, whose elements 
correspond to the G-adjoint orbits Ad(G)j3 of elements of the indexing set for the stratification 
of f(J\fi tX ) induced by the representation p h by the set of their A^-adjoint orbits Ad{N{)(3. Then 
we would still have (j3.1j) - (J3.3j) . but now 

Z|5 = Stab(/?)(Z- n kT\Z%)) = Stab(/3) x^ nStab(/3) (Z# n Trf 1 ^)) (3.4) 

and 

*2i = p^q, Pp 1 {z s p,i n ^V(^)) ( 3 - 5 ) 

where 

<5/3 = ^'(^ n Stab(/3)) 

is a subgroup of P^, and hence 

S P>1 = G x P/3 Yp] - G x Q0 p~ l (Z% n tojVC^)) • ( 3 - 6 ) 
Furthermore 7T; now restricts to a fibration 

n-z^n^iz^^z™ (3.7) 

whose fibre at x G is Zp s (pi) defined as at Remark 11.41 where p\ is the representation of 
Ri on the normal Afi >x to GZjf at x. 

If 1 < j < Z — 1 then the proper transform Ej in -XvjU of the exceptional divisor E^- in s 
meets the exceptional divisor E\ = P(A/z) transversely, and their intersection is the restriction 



E 3 C\GZ R , 



of the projective bundle P(A/]) over GZJ^ to the intersection in n of GZ^ with the proper 

transform of Ej in ^ (which by abuse of notation we shall also denote by Ej). Moreover 

the complement in GZ^ of its intersection with the exceptional divisors Ei, is just 



GZ S R . Thus 



where 

Y$ = Yff\(E l UE l - 1 U...UE 1 ) 



E 7 = GYgf = Gx P y)f (3.8) 
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fibres over Stab(/3) x NinStam (Zf^\Z s Ri )) with fibre C m ^-i x (C\{0», and Z^mrf\Z s Ri ) 
fibres over Zf R ^ with fibre Z^ s (pi). In addition, if we set 

we have from (j3.5j) and (jH.fi j) that 

= ^ XQ B (3-9) 

and hence 

E^Gx Q0 Y) E (3.10) 

where = qj\Ni n Stab(/3)) and : -> Zg* n ic^i^tO is a fibration with fibre 
C m ,i-1 x (c\{0». 

Remark 3.1 The moduli space Ai(n,d) of semistable holomorphic bundles of rank n and 
degree d over a fixed Riemann surface of genus g > 2 can be constructed as a quotient of 
an infinite dimensional affine space of connections C by a complexified gauge group Q c , in 
an infinite-dimensional version of the construction of quotients in geometric invariant theory, 
or equivalently as an infinite dimensional symplectic reduction with curvature as a moment 
map. When n and d are coprime, semistability coincides with stability and A4(n,d) is the 
topological quotient of the semistable subset C ss of C by the action of Q c . The role of the 
normsquare of the moment map is played by the Yang-Mills functional, which was studied by 
Atiyah and Bott in their fundamental paper pQ . Atiyah and Bott studied the stratification of 
C defined using the Harder- Narasimhan type of a holomorphic bundle, which they expected 
to be the Morse stratification of the Yang-Mills functional (this was later shown to be the case 
[2]). The methods of this paper can be used to provide a stratification {E 7 : 7 G T} of C ss 
with C s as the unique open stratum. This stratification of C ss and induced refinements of the 
Yang-Mills stratification of C are studied in detail in |T3"] . where they are related to natural 
refinements of the notion of the Harder- Narasimhan type of a holomorphic bundle. 



4 A refined stratification of X ss 

We can now iterate the construction of the stratification (j2.3j) described in §2 and use induction 
on the dimension of G to define a stratification 

{£7 : 7 € f } (4.1) 

of X ss by G-equivariant nonsingular subvarieties which refines the stratification (j2.3j) . When 
the dimension of G is zero, so that X s = X ss = X, then T = T and the stratification has one 
stratum which is X itself. When dim G > then we shall refine the stratification {E 7 : 7 G T} 
defined at (Q as follows. If 7 G r\{0, R u R T } then 7 = (R h (3) where (3 G Bi\{0} for 
some / G {1, r}, and by (j3.8j) we have 

S 7 = GY^f = G x P/3 Y^f 
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where Y^f fibres over Stab(^) x ^nstab^) (Zft n Trf 1 ^)) with fibre C" 1 ' 3 ^ 1 x (c\ {0}), and 

z p'i n ^rH z k) fibres over Z (%) with fibre Z ! S (^)- We have a linear action of i?; nStab(^) /T| 
on Zp(pi) which corresponds (up to multiplication by a positive integer) to the moment map 
p — {3. Therefore by induction on dimG we can assume that we have defined a stratification 
{S^ : (3 G T 7 } of Zp s (pi) by nonsingular Ri fl Stab(/?)-invariant subvarieties. In fact, since 
the stabiliser in G of any x G Z S R has connected component we can assume that we 
have a stratification of Z s p(pi) by nonsingular Stab(x) fl Stab(/3)-invariant subvarieties. Since 
Stab(x) C Ni and since the fibration 

7Ti : Zpj n ^\z Ri ) -> z s Ri 

is Ni fl Stab(/5)-equivariant with fibre Z^ s (pi), this gives us a stratification of fl irf (Z R ) 
by nonsingular iVj fl Stab(/5)-invariant subvarieties, and hence a stratification of 

stabCS) x NinSum {z^n-n-\z Ri )) 

by nonsingular Stab(/5)-invariant subvarieties. We also have a fibration 

pp : Y^f = Yfi\(Eh U £U U ... U Eh) - Stab(/3) x NinSt&m ( Z Ki n ^(^J) 

with fibre c m,3 ' ! x (c\{0}), which satisfies pp(gx) = qp{g)pi3{x) for all g G Pp and a; G Yg\ 

(see p.5j1 ). Thus we get an induced stratification of Y»f by P/3-invariant subvarieties, and 
finally an induced stratification of 

s 7 = g x Pj3 y^f 

by nonsingular G-invariant subvarieties for $ G T 7 . In particular £ 7 has an open stratum 

S 7 = ^ (4.2) 

corresponding to the open stratum Zp(pi) of Zp s (p[) consisting of stable points for the action 
of Ri n Stab(/3)/T|. 

In this way we obtain a stratification {E 7 : 7 G T} of X ss indexed by 

f = {7 = (7) : 7 e {0, R T }} U {7 = /?) : 1 < I < r and (3 G B,\{0}} 

U{7 = (Ri,(3, 71,..., 7t ) :t>l and 1 < / < r and G B,\{0} 

and ( 7l ,..., 7 t) ef^UO}}, (4.3) 
where r^,/?) is defined inductively as above, and the strata S 7 are given by 

S(o) = X s 

and if 1 < I < r and /3 G i^\{0} then 

S (/?i) = GZJj ; and = E^), 

while if 7 = {3, 71, . . . , 7 t) then 

7 (7ii— .7t)' 
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5 The refined Morse stratification 



In §2 a stratification {E 7 : 7 G T} of the set X ss of semistable points of X was defined, and in 
§4 this stratification was refined to give a stratification {£ 7 : 7 6 T} of X ss . Via the inductive 
description of the strata Sp of the Morse stratification of ||/i|| 2 in terms of the semistable points 
of nonsingular subvarieties of X given in Proposition 11.11 we can use these stratifications of 
X ss to refine the Morse stratification. 

For simplicity we shall just discuss the stratification {£ 7 : 7 G T} of X ss constructed in §4. 
The construction of this stratification can be applied for each (3 G B to the action of Stab(/3) 
on the nonsingular projective subvariety Zp of X which appeared in Proposition ll.lf iv) (or 
more precisely to the action of the quotient Stab(/3)/TS of Stab(/3) by its complex subtorus 
Tp which acts trivially on Zp) to give a stratification 

&f ■ 7 e r M } 

of by nonsingular Stab(/?)-invariant subvarieties, with as the stratum indexed by (0). 
Since Sp = GYp s satisfies fll.4|) and we have a retraction pp : Y| s — > Zp s satisfying ()1.5|) . we 
can stratify as the disjoint union of strata 

Gp?{±f)2£Gxp,pj\ff) (5.4) 

for 7 G r^j. This gives us a stratification 

{Sp-Je 8} (5.5) 

of X indexed by 

B = TU |J {flxf M 
/3eB\{o} 

where S's = defined as in §4 if $ G T, and if /? = (/?i, /3 t ) where /3i G £>\{0} and 
(#2, (3 t ) G f [/3 ] then 

^ = G Pp x ( S (/32,...,A))- 

This stratification {Sp : (3 & B} refines the original stratification {Sp : j3 & B} and has the 
following properties. 

Proposition 5.1 i) Each stratum Sp is a G-invariant locally closed nonsingular subvariety 
ofX. 

ii) The unique open stratum is the set X s of stable points of X. 

Hi) There is a partial ordering > on B such that if j3 G B then the closure Sp in X of the 
stratum Sp satisfies 

7>/3 
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iv) B has a subset f such that 7 < (3 for all 7 G f and /3 G i3\f and 

\Jfy = X ss . 

v) If $ G B and (3 7^ (0) i/ien i/ie stratum Sz can be described inductively in terms of the sets 
of stable points of certain nonsingular linear sections Z of X and projectivised normal bundles 
of nonsingular subvarieties of X, acted on by reductive subgroups of G and their quotients. 

Remark 5.2 If X is a compact Kahler manifold which has a Hamiltonian action of a compact 
group K with moment map \l : X — ► £*, then the Morse stratification for ||/i|| 2 can be refined 
just as in Proposition 15.11 Even when X is symplectic but not Kahler we can construct a 
similar refinement by choosing a suitable almost complex structure and Riemannian metric 
on X (cf. PUIIE!). 

Example 5.3 Consider the action of G = SL(2; C) and its maximal compact subgroup K = 
SU(2) on X = (Pi) n , with the moment map given by the centre of gravity in R 3 when Pi is 
identified suitably with the unit sphere in R 3 and R 3 is identified with the Lie algebra of SU(2). 
An element (27, . . . ,x n ) of (Pi) n is semistable (respectively stable) for the action of G if and 
only if at most n/2 (respectively strictly fewer than n/2) of the points Xj coincide anywhere 
on Pi. The Morse stratification for the normsquare of the moment map on X has strata 
So = X ss and S^-n for n/2 < j < n. If n/2 < j < n then the elements of iS^-n correspond 
to sequences of n points on P x such that exactly j of these points coincide somewhere on Pi, 
and S 2 j- n retracts equivariantly onto the subset of X where j points coincide somewhere on 
Pi and the remaining n — j points coincide somewhere else on Pi, which is a single G-orbit 
with stabilizer C*, for j < n, and with stabiliser a Borel subgroup of G when j = n (see [9 j 
§16.1 for more details). 

If n is odd then semistability coincides with stability and the refined stratification coincides 
with the Morse stratification of X. Now suppose that n is even, so that semistability and 
stability do not coincide. The semistable elements of X which are fixed by nontrivial connected 
reductive subgroups of G are those represented by sequences (07, ...,x n ) of points of P x such 
that there exist distinct p and q in P x with exactly half of the points 07, ...,x n equal to p and 
the rest equal to q. They form n!/2((n/2)!) 2 G-orbits, and their stabilisers are all conjugate 
to the maximal torus T c = C* of G. These stabilisers act with weights 2 and —2, each with 
multiplicity {n/2) — 1, on the normals to the orbits. We obtain the partial desingularization 
X//G by blowing up X//G at the points corresponding to these orbits, or equivalently by 
blowing up X ss along these orbits, removing from the blowup the unstable points (which 
form the proper transform of the set of (07, x n ) G X ss such that exactly half of the points 
27, ...,x n coincide somewhere on Pi) and finally quotienting by G. The refined stratification 
{Sp : $ G B} of X thus has as its strata the set S(p) = X s of stable points, the set S(t) 
consisting of points represented by sequences (27, ...,rr n ) in Pi such that there exist distinct 
p and q in Pi with exactly half of 37, x n equal to p and the rest equal to q, the set S(t,2) 
consisting of points represented by sequences (37, ...,x n ) in P 1 such that there exists p in Pi 
with exactly half of the points 27, ...,x n equal to p and the rest different from p and not all 
equal to each other, and finally the strata S^-n (for n/2 < j < n) of the Morse stratification. 
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Example 5.4 A very similar example is given by the action of G = SL(2; C) on X = P n 
identified with the space of unordered sequences of n points in Pi; that is, with the projectivized 
symmetric product P(S* n (C 2 )) (see [Oj §16.2 for more details). The diagonal subgroup T = S 1 
of K = SU(2) acts with weights n,n - 2,n - 4, 2 - n, —n on 5* n (C 2 ) = C n+1 . An element 
[ao, a n ] of P n corresponds to the n roots in Pi of the polynomial in one variable t, say, with 
coefficients ao,...,a n ; it is semistable (respectively stable) for the action of G if and only if 
at most n/2 (respectively strictly fewer than n/2) of these roots coincide anywhere on P 1; 
and the Morse stratification for the normsquare of the moment map on X is essentially the 
same as in Example 15.31 above. Again when n = 2m is even the semistable elements of X 
which are fixed by nontrivial connected reductive subgroups of G are those represented by 
polynomials such that there exist distinct p and q in Pi with exactly half the roots equal to p 
and the rest equal to q. They form a single G-orbit, and the stabiliser C* acts with weights 
±4, ±6, . . . , ±?2 = ±2m on the normal to the orbit. The refined stratification {S^ : (3 G £>} of 
X this time has as its strata the set = X s of stable points, the set S(T) represented by 
polynomials with exactly two distinct roots each with multiplicity m = n/2, for 2 < k < m 
the set >S(t,2A:) represented by polynomials in the orbit of one of the form 

a m L -f a m+ fct -f a m _|_fc_|_it «2m t 

where a m and a m+ k are nonzero, and finally the strata S^j-n (for n/2 < j < n) of the Morse 
stratification. 



Example 5.5 For a more complicated example consider the action of G = SL(3; C) and its 
maximal compact subgroup K = SU(3) on X = (P2) n . A sequence (x±, . . . ,x n ) of points in 
P2 is semistable if and only if there is no projective line L in P 2 such that 

> 2 (5.6) 
2 3 

and no point p G P2 such that 

> -, (5.7) 

and is stable if we can replace > with > in ()5.6|) and (|5.7|) (see for example [0] (16.5)). 
The stratification {Sp : (3 & B} can be described as follows (see jHj Proposition 16.9). Any 
(xi, . . . , x n ) G (jP 2 ) n which is not semistable determines a unique flag 

= M C Mi . . . C M s = C 3 

in C 3 with s = 2 or 3, such that if 1 < i < s then 

— >■••> — 

mi m s 

where 

fei = |{j : Xj G M\M_i}| and m, = dim(M i /M l _ 1 ), 
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and moreover if m 8 = 2 then those Xj lying in Mj\Mj_x determine a semistable element of 
(Pi) fci after projection into P(M i /M i _i) = Pi. Then (xi, . . . , x n ) lies in the stratum labelled 
by the projection into Lie(S77(3)) of the vector 

\mi m s J 

in which each ki/rrii appears rrii consecutive times. Thus B is the projection into the Lie 
algebra Lie(SC/(3)) of 

,/n n n\, , / k k ,\ 2n , . n — k n — k\ n , _ . 

{(-,-,-)} U {[-, -,n - A; ) : — < fc < n} U { fc, , : - < k < n] 

l \3 3 3/ J V 2 2 / 3 ~ V 2 2 / 3 ~ 

U{(A;i, k 2 , n — ki — k 2 ) : n — k± — k 2 < k 2 < k± < n}. 

With a slight abuse of notation (identifying (3 G Lie(C/(3)) with its projection into Lie(S77(3))) 
we have 

0(n. « «i = A , 

3 ' 3 ' 3 - 1 

while if 2n/3 < k < n then (xi, . . . , x n ) belongs to S^/2,k/2,n-k) if and only if there is a line L 
in P 2 containing exactly k of the points Xj and at most k/2 of these points coincide anywhere 
on L. If n/3 < k < n then (xi, . . . ,x n ) belongs to 5 , (fe ) ( ra -fc)/2,(n-fc)/2) if and only if exactly k 
of the points Xj coincide at some p G P2, and any line through L contains at most (n — k)/2 
of the remaining points. Finally if n — k\ — k 2 < k 2 < k\ < n then (x±, . . . ,x n ) belongs to 
S(k 1 ,k 2 ,n-k 1 -k 2 ) if and only if there is a line L in P 2 and a point p G L such that exactly k\ of 
the points Xj coincide at p and exactly k 2 additional points lie on L. 

The strata Sp which need refining to obtain the stratification {S^ : j3 G B} are S^/2,k/2,n-k) 
when k is even and S(k,( n -k)/2,(n-k)/2) when n — k is even, together with X ss if n is a multiple 
of 3. 

If k is even we have 

where 7\ = { (t, t, t~ 2 ) : t G C*}. Here (xi, . . . ,x n ) belongs to the stratum S( k / 2: k/2,n-k) if and 
only if there is a line L in P 2 containing exactly k of the points Xj and at most k/2 — 1 of 
these points coincide anywhere on L, while (xi, . . . ,x n ) belongs to S^/2,k/2,n-k,T 1 ) if exactly 
k/2 of these points coincide somewhere on L and the remaining k/2 coincide somewhere else, 
and (xi, . . . ,x n ) belongs to S(k/2,k/2,n-k,T lt 3) if exactly k/2 of these points coincide somewhere 
on L and the remaining on L do not all coincide. 
If n — k is even we have 

S ^ n — k n — k j — — S ^ n — k n — k j I — I n — k n — k ^ — ^ ^(fe n — k n — k rp^ ^ 

where T 2 = {(t — 2 , t, t) : t G C*}. Here (x±, . . . ,x n ) belongs to the stratum S^ t ( n -k)/2,(n-k)/2) if 
and only if there is some point p in P 2 where exactly k of the points Xj coincide, and no line 
through p contains at least (n — k)/2 of the remaining points Xj, while (x±, . . . ,x n ) belongs 
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to S(k,(n-k)/2,(n-k)/2,T 2 ) if there are lines Li and L 2 meeting at p and each containing exactly 
(n — k)/2 of the remaining points Xj, and (xi, . . . , x n ) belongs to S^ : ( n -k)/2,(n-k)/2,T 2 ,3) if there 
is a line L through p containing exactly (n — k)/2 of the remaining points Xj but no other line 
through p contains at least (n — k)/2 of these remaining points. 
Finally if n is divisible by 3 then we have 

X ss = X s u S (T ) u {S im :/3eB T \ {0}} u S (Tl ) u 5 (Tl ,3) u S (Tl ,-3) 

where T is the standard maximal torus of SU(3) and Bt \ {0} can be identified with the set 
of four vectors 

1 1\ ( 1 1\ /l 1 



^°,-i)\r°,-- 2 )\i,-- r -- 2 )\r- 2 ,-i)l 

Here (xi, . . . , x n ) belongs to S(T) if there are three points Pi,P2,P3 G F2 such that exactly n/3 
of the points x,,- coincide at Pi for z = 1, 2, 3, while (xi, . . . , x n ) belongs to Sm) if there is a 
point p G P2 and a line L not containing p such that exactly n/3 of the points Xj coincide at p 
and the remaining 2n/3 lie on L with strictly fewer than n/3 coinciding anywhere on L. Also 
(xi, . . . ,x n ) belongs to S(Ti,3) if there is a line L in P 2 containing exactly 2n/3 of the points 
Xj and strictly fewer than n/3 points coincide anywhere on P2, while {x\, . . . ,x n ) belongs to 
Srr lt -3) if there is a point p G P2 where exactly n/3 of the points Xj coincide, and strictly fewer 
than 2n/3 of the points Xj lie on any line in P 2 . 

Finally, if (3 G Bt and (x%, . . . , x n ) G S(r,/3) then there is some p G P2 and a line L through 
p such that exactly n/3 of the points Xj coincide at p and exactly 2n/3 lie on L, and 

(a) when (3 = (1/2, 0, —1/2) then p and L are unique; 

(b) when (3 = (1/2, 1/2, —1) then L is unique but there is another point p' on L where n/3 
of the points Xj coincide; 

(c) when (3 = (1,-1/2,-1/2) then p is unique but there is another line V through p 
containing exactly 2n/3 of the points Xj] 

(d) when (3 = (1,0,-1) then there is another point p' G P2 \ L where exactly n/3 of the 
points Xj coincide, but the n/3 points Xj lying on L \ {p} do not all coincide. 

Example 5.6 We can generalise Examples 15 . 31 and 15 . 51 bv considering the action of SL(m; C) 
on a product of Grassmannians 

r 

X = Y[ Grassy, C m ) 
i=i 

where Grass(/,C m ) denotes the Grassmannian of /-dimensional linear subspaces of C m and we 
linearise the action by using the Pliicker embedding. The Morse stratification {Sp : (3 G B} 
is described in §16.3, and the refinement Ss : f3 G B} can be calculated by adapting the 
methods used in [TH] (especially [12] §5) to refine the Yang-Mills stratification. 
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6 Refinements when G is abelian 



The refinements we have considered so far of the Morse stratification {Sp : (3 G £>} for \n\ 2 are 
unfortunately unlikely to be equivariantly perfect. When G = T c is abelian there is another 
way to refine this stratification which does lead to equivariantly perfect stratifications. 

If G is abelian then there is a partial desingularisation X// e G of X//G obtained by per- 
turbing the linearisation of the action of G on X, or equivalently by replacing the moment 
map n : X —>■ t* by fi — e where e G t* is a generic constant close to 0. Since G is abelian the 
coadjoint action of K = T on t* = t* is trivial and fi — e is an equivariant moment map for 
the action of K on X. 

Recall from §1 that the Morse stratification {Sp : (3 G £>} for ||/x|| 2 is indexed by the closest 
points to in the convex hulls of nonempty subsets of the set of weights {a , . . . , a n }, and 
x = [xq : . . . : x n ] G X C P n lies in the stratum Sp indexed by the closest point (3 to in the 
convex hull of 

{aj : Xj ^ 0}. 

Similarly the Morse strata {Sp : (3 G B e } for — e\\ 2 correspond to the closest points to e in 
such convex hulls. More precisely x = [x : . . . : x n ) G X lies in the stratum Sp indexed by 
the closest point (3 to in the convex hull of {aj — e : Xj ^ 0}; then (3 + e is the closest point 
to e in the convex hull of 

{(Xj : xj ^ 0}. 

If /3 G B does not lie in the convex hull of a proper subset of {aj : aj.j3 = \\j3\\ 2 }, then for 
sufficiently small e we have 

for some small perturbation (3(e) of j3, where (3(e) + e is the closest point to e of the convex 
hull of {aj : aj.(3 = ||/3|| 2 }. Otherwise for sufficiently small e the stratum Sp in the Morse 
stratification for ||/i|| 2 is the union of Sp, e \ and other strata in the Morse stratification for 
\ji — e|| 2 , which correspond to the closest points to e of those subsets of {aj : oij.(3 = \\(3\\ 2 } 
whose closest point to is [3. Moreover if (3 G B e and e is chosen generically we can assume 
that (3 does not lie in the convex hull of any proper subset of {aj : (aj — e).(3 = \\/3\\ 2 }- This 
means that every point of 

Z p = {x G X : Xj = unless (aj - e).(3 = \\{3\\ 2 } 

which is semistable for the action of the subgroup of G whose Lie algebra is spanned by 

{ aj -e-P:( aj -e).p=m 2 } 

is also stable for the action of this subgroup. Moreover the set of semistable points for the 
action of this subgroup is the same as the set Zp SS of semistable points of Zp under the action 
of the subgroup of G whose Lie algebra is the complexification of the orthogonal complement 
to (3 in t (cf. Remark 1 1.3 J) . 

Thus we have a refinement of the Morse stratification for \n\ 2 which is both equivariantly 
perfect and has the property that all strata can be described in terms of the sets of semistable 
points of nonsingular closed subvarieties Z% of X under suitable linear actions of reductive 
subgroups of G for which semistability coincides with stability. 
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Proposition 6.1 If G = T c is abelian and e G 6* = t* is chosen generically and sufficiently 
close to then the Morse stratification {S% : (3 G B e } for \\fi — e|| 2 is an equivariantly perfect 
refinement of the Morse stratification {Sp : (3 G B} for \\fi\\ 2 . In addition if (3 G B e then we 
have 

and 

Hh(Sl) = E* G {Zf s ) 

where 

Zp = {x G X : Xj = unless (otj - e).(3 = \\(3\\ 2 }, 
Yq — {x G X : Xj = if (atj — e)./3 < \\(3\\ 2 and Xj ^ for some j 
such that (ctj — e)./3 = \\P\\ 2 } 

and 

Pb(x) = lim exp(— it(3)x. 

t— >oo 

Furthermore Z^' ss is the set of semistable points for the action on Z% of the subgroup of G 
whose Lie algebra is spanned by 

and every semistable point for this action is stable. 

Remark 6.2 When G is abelian and X ss = X s we can obtain the same result by perturbing 
the inner product on t = t instead of perturbing the moment map from \x to fi — e. 

Remark 6.3 Yet another possible procedure when G = (C*) r is abelian is to use induction 
on r to reduce to the simple case when G = C*. 

Example 6.4 Consider the action of the maximal torus 

T c = {(M _1 ) :tEC*} = C* 

of G — SX(2; C) acting on X = P n or X = (Pi) n as in Examples 15 .HI and 1531 An element of 
X represented by a sequence (xi, . . . , x n ) of points of Pi is semistable (respectively stable) for 
T c if and only if at most n/2 (respectively strictly fewer than n/2) of the points Xj coincide at 
or oo, and the Morse stratification {5*J : (3 G B T } for the normsquare of the moment map 
\i T : X — > t is indexed by 

{0} U {2j - n : < j < n} 

with (xi, . . . , x n ) representing a point of Sjj_ n when exactly j of the points X{ coincide at 
if j > n/2, and exactly n — j of the points X{ coincide at oo if j < n/2. When n is odd this 
stratification is unchanged if we perturb the linearisation slightly. When n is even the only 
change is that becomes two strata: the subset represented by (xi, . . . ,x n ) with exactly 
n/2 of the points coinciding at (or at oo, depending on the sign of the perturbation), and 

its complement in Sq. This contrasts with the refinement {S'J : (3 G B } in which Sq is 
subdivided into three strata when X = (Pi) n and more when X = ¥ n (cf. Examples 15.31 and 

E3J 
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Example 6.5 When the maximal torus T c = (C*) 2 of 5L(3;C) acts on X = (P 2 ) n then the 
Morse stratification {S'J : (3 G £> T } for ||/iT|| 2 and its refinement {S'J : (3 G B } defined as 
in §5 can be described in a way closely analogous to the stratifications {Sp : (3 E B} and 
{Sz : $ G B} associated to the action of G — SL(3; C) which were described in Example 15.61 
the difference is that the points p and lines L which appear in the description are [1:0:0], 
[0 : 1 : 0] or [0 : : 1] or one of the lines joining these points. A generic perturbation 
of the linearisation provides a coarser refinement of {Sj : (3 G B T } than the stratification 

{S"J : (3 G B }. If k or n — k is even then the strata with indices (3 in the Weyl group 
orbit of (k/2, k/2, n — k) or (A;, (n — k)/2, (n — k)/2) decompose as the disjoint union of two 
refined strata instead of the three in the refinement {5*J : (3 G B }, in a way which is directly 
analogous to the decomposition of Sq in Example 16.41 Similarly if n is divisible by 3 then 
Sq decomposes into a smaller number of strata than in the stratification {S? : (3 G B }; in 

particular the analogues of the strata SVn an d S(Tl) described in Example 15 .61 are amalgamated 
with higher dimensional strata. 



7 Reduction to a maximal torus 

The Morse stratification {Sp : (3 G £>} of the normsquare of the moment map is useful for 
studying the cohomology of the GIT quotient X//G because it is equivariantly perfect over 
the rationals; that is, if \{(3) is the real codimension of Sp in X and if Up is the open subset 

Up = SpU |J Sp, 

W\<\P\ 

which contains Sp as a closed subset, then the Thom-Gysin long exact sequences 

. . . - H* G m (Sp) T ^ H* G (Up) - H G (Up \Sp)^... 
break up into short exact sequences 

- H G - m (Sp) T ^ H G (Up) - H G (Up \Sp)^0 
of equivariant cohomology with rational coefficients. 

Remark 7.1 This happens because the composition of the Thom-Gysin map TGp with the 
restriction map H G (Up) — ► H G (Sp) is given by multiplication by the equivariant Euler class 
ep of the normal bundle to Sp in Up, and it follows from a criterion of Atiyah and Bott jl 3 
§13 that ep is not a zero-divisor in H G (Sp). Note that the restriction maps from H G (X) 
to H G (X SS ) and also to H G (Up) for /? G B \ {0} are compositions of restriction maps from 
H G {Upi) to H G {Upi \ Spi) which are all surjective. In particular the cohomology ring H G (X SS 
(which in the good case when X ss = X s is isomorphic to the rational cohomology ring of the 
geometric invariant theoretic quotient X//G or equivalently the Marsden-Weinstein reduction 
/ u _1 (0)/-ft') is isomorphic to the quotient of H G (X) by the kernel of the restriction map p : 
H G (X)^H G (X*°). 
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Unfortunately the refinement {Ss : (3 G B} described in §5 of {Sp : (3 G £>} is not in general 
equivariantly perfect. It is still the case that we have Thom-Gysin long exact sequences for 
equivariant cohomology, and the kernels of the restriction maps from H G (X) to H G (X SS ) and 
to Hq(X s ) can be described in terms of the images of the associated Thom-Gysin maps, but 
the description is not as clean as in the equivariantly perfect case, and the restriction map to 
H G (X S ) is not necessarily surjective (see Example 17. 161 below) . 

However when G is abelian the alternative refinement {Sp : f3 G B € } described in §6 is 
equivariantly perfect. We can exploit this fact even when G is not abelian by making use of 
the close relationship between the restriction maps 

p : H* G {X) -> H* G (X SS ) 

and 

p T : H^(X) -> H^(X SS ' T ) 

where T c is a maximal torus of G (we can assume that it is the complexification of T = T c fl K 
which is a maximal torus of K) and X SS,T is the set of T c -semistable points of X. Therefore 
in this final section we shall describe this relationship. 

The kernel of p can be described in several different ways. The first follows immediately 
from the fact that the stratification {Sp : (3 G B} is equivariantly perfect. 

Lemma 7.2 For [3 G B \ {0} let TGp : H G ~ m {Sp) -> H G (X) be any lift to X of the 
Thom-Gysin map TGp : H G ~ X{J3) {Sp) -> H G (Up). Then 

kerp= ^-j^ imTGp. 
P&B\{o} 

Remark 7.3 Note that such lifts always exist by Remark 17.11 

Another closely related description is given in |1J ^] . 

Lemma 7.4 Let 71 be a subset o/ker p such that for every (3 G B\ {0} and every r] G H G (Sp) 
there exists ( G TZ such that 

CU 7 = unless || 7 || > ||/3|| 

and 

C\s g = Vep 

where ep is the equivariant Euler class of the normal bundle to Sp. Then 1Z spans ker p. 

In the good case when X ss = X s a rather different description follows from the formulas 
for the intersection pairings in H*(X//G) given in jS] (see also [7| ITU [TE\ l2T)]). 

Lemma 7.5 If X ss = X s and rj G H G (X) then rj G ker p if and only if 
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for all ( G Hq(X) with j + k = dim R ( . Here T is the set of connected components F of 

the fixed point set ofT in X and e F G H^,(X) is the T-equivariant Euler class of the normal 
bundle to F in X. Also /ip : t —>■ E denotes the linear function on t given by the constant 
value in t* taken by the moment map p on F G T , and the polynomial T> : t — > E is defined by 

7>0 

where 7 runs over the positive roots of K . 

Proof: This follows immediately from Poincare duality for the orbifold X//G and the surjec- 
tivity of 

p : H* G (X) H G (X SS ) = H*(X//G) 

together with jSj Theorem 8.1, which tells us that, up to multiplication by a nonzero constant, 
the formula in Lemma 17.51 is the intersection pairing 

/ p(v)p(0 

JX//G 

of p{rj) and p(C) in X//G. 

Remark 7.6 The multivariable residue res which appears in Lemma 17.51 above is a linear 
map defined on a class of meromorphic differential forms on t ® C. In order to apply it to 
the individual terms in the residue formula it is necessary to make some choices which do not 
affect the residue of the whole sum. Once the choices have been made, many of the terms 
in the sum contribute zero and the formula can be rewritten as a sum over a subset JF + of 
the set T of components of the fixed point set X T , consisting of those F G T on which the 
constant value taken by pt lies in a certain cone with its vertex at 0. When dimT = 1 and t 
is identified with E, we can take 

F + = {F G T : n T {F) > 0} 

and if we replace T with T+ in the formula in Lemma 17.51 then we can interpret res as the 
usual residue at of a rational function in one variable. 

Remark 7.7 When G is abelian we have analogues of Lemmas 17. 21 and |7.4I for the refinement 
{Sp : (3 G B € } of the stratification {Sp : (3 G £>} obtained by perturbing the moment map /i to 
/i — e (see §6). We also have the following description of kerp due to Tolman and Weitsman 
We can use these results even when G is not abelian via Lemma \7. 101 below. 

Lemma 7.8 When G = T c is abelian and X ss = X s then 

kerp = J2{r] G H^{X) : r]\ FnX( = for all F G J 7 } 

where 

I ( = {iGl: p(x)(0 < 0} 

iftet. 
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Recall that the Weyl group W of K acts faithfully on the Lie algebra t of T and is 
generated by reflections. For any w G W we denote by (— l) w the determinant of w regarded 
as an automorphism of t. If W acts on a module M then 



M 



w 



{m G M : wm = m for all w G W} 



is the set of PF-invariants in M and 



M' 



antiW 



{m G M : wm = (—l) w m for all w G 



is the set of anti-invariants for the action of W on M. There is a natural identification of 
Hq(X) with [Ht(X)] w , which in the case when X is a point becomes a natural identification 
of H*(BG) with [H*(BT)] W where H*(BT) is the Q-algebra of polynomial functions on t. 
There is (up to sign) one fundamental anti-invariant in H*(BT), which is the product T> of 
the positive roots of K, and we have the following wellknown facts (see for example [3] Lemma 



Lemma 7.9 (i) [ff*(BT)] antlW is a free [H* (BT)] W -module of rank one generated byT>. 
(ii) [H* (BT)] antlW is a direct summand of H*(BT) as an [H*(BT)] W -module, with splitting 
given by 



Note that H^{X) has analogous properties, since it is isomorphic to H*(BT) (g> H*(X) as 
an if*(i?T)-module (see jH] Proposition 5.8), though not as a ring. 

Lemma 7.10 Suppose that X ss = X s . If r) G H* G (X) = [H*(X)] W then the following are 
equivalent: 

(i) fj G ker p; 

(ii) rfD G ker p T ; 
(Hi) rfD 2 G ker p T . 

Moreover multiplication by T> induces a bisection 



Remark 7.11 The corresponding results are true when X is a compact symplectic manifold 
with a Hamiltonian action of a compact group K, provided that is a regular value of the 
moment map. 



1.2). 




kerp -> kerp T n [H^(X)} 



antiW 



(7.1) 



with inverse 
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Remark 7.12 Martin [Til ITS] gave a direct proof of the equivalence (i) (iii) when X ss = 
X s , while Guillemin and Kalkman [7] observed that it follows immediately from Lemma 17.51 
The equivalence (i) (ii) and the bijection (|7.1|l goes back in essence at least to Ellingsrud 
and Str0mme §4. Direct proofs of the equivalences (i) (ii) and (ii) (Hi) and the 
bijection (|7.1jl are given below; the assumption that X ss = X s is not needed for the equivalence 
(i) -v=> (ii) or for the existence of the bijection (|7.1j) . and in fact the most convenient assumption 
for the proof below of the equivalence (ii) <S=> (Hi) is not that X ss = X s but rather the 
corresponding assumption X SS,T = X S ' T for the action of the maximal torus. Thus Lemma 
17.101 is true when either X ss = X s or X SS,T = X S,T , and if (iii) is omitted then it is true 
without either of these hypotheses. 

Note also that the direct proofs of the equivalences (i) <=> (iii) and (ii) <^ (iii) do not 
require X to be compact; it suffices that /i _1 (0) or equivalently X//G should be compact, 
and for example they can be applied to the study of moduli spaces of bundles over a compact 
Riemann surface (cf. jH]). 

Before giving a proof of Lemma 17.101 we shall relate the stratifications {Sp : (3 G B} and 
{Sp : (3 G Bt} and the associated Thom-Gysin maps TGp and TG T p for the actions of G and 
its maximal torus T c on X. Recall from §1 that the indexing set Bt consists of the closest 
points to of the convex hulls in t* = t of the weights cxq, . . . ,a n for the linear action of T c 
on X C P„, and that 

B = B T n t+ and B T = {wf3 : (3 G B, w G W} 
where t + is a positive Weyl chamber in t. If (3 G B then in the notation of §1 we have 

Sp = GY° S and = Yp T 

where Y^ S,T = pp 1 (Zp S,T ) and Z^ S,T is the set of semistable points for an appropriate lineari- 
sation of the action of T c on Zp. There are induced isomorphisms 

h g( S p) — H lt^h(fi)i. z p) and h t( S p) — H T (Zp T ) 
with surjective restriction maps 

H (Lb(p)( Z l3) - I h t( z p)] Wi3 -^stab(/3)(^ S ) 

and 

H T (Z P ) - H*(ZP T ) 

where Wp is the Weyl group of Stab(/3). Notice that the boundary \ Sp of 5j is contained 
in 

|J S^c |J Sp, 

[i>eB T :\\f3>\\>\\f3\\ p'eB:\\p'\>\\p\ 

T 

Let Dp G H*(BT) be the product of the positive roots of Stab(/3), and if (3 G B let TGp be 
any lift to H T (X) of the Thom-Gysin map TG T p associated to the inclusion of Sj in 

U T p=S T pU |J S T p, 

/3'eB T :||/3'||<||/3|| 
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If ?7 e H^{Zp) then 77 restricts to an element of H^(Zp T ) S H^(Yp T ) = H^(S^) and 



E(-ir™ (w(^)) 



is a ly-anti-invariant element of H^(X). Thus we have a well defined element 

of [#£pf)] w = # G (X) (cf. Lemma Q) , whose restriction to 

U p = SpU |J 

/3'ei3:|/3'|<|/3| 

- — r T 
is independent of the choice of lift TGg of the Thom-Gysin map TG^ and thus can be 

expressed as 

\> E c- 1 )^ (PiFtfh)) = \ E (-w^w. 

Lemma 7.13 If (3 e B and r\ G H^^Zp) = [H£(Zp)) w then 

Proof: Note that 77 6 H&tabcp)^ p) represents an element of #stab(/3)(^/T) — Hq(Sp) by 
restriction from to Z^ s . Since the equivariant Euler class of the normal bundle Mp to 
Sp is not a zero-divisor in Hq(Sp), it suffices to show that 

-i- E(-^ (^Gj(^)) = -^^(-ir^H) 

restricts to on 

U s ? 

and restricts to rjep on Sp. Since ^stab(/3)(^/3 S ) — -^g(^) ^ suffices to check that the restriction 
to is rjep. But 

so TG^piwrf) restricts to on 

U ^' 

/3V/3,II/3'||<||/3|| 
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as required. Also the composition of TG T p with restriction to ST is multiplication by the 
equivariant Euler class of the normal bundle Af^ to Sj, and 

Zf c Z-' T c 5J. 

Hence the restriction of T>pTG T p{r\) to is VptjCp. Now 

S fi **Gx Pft Y? and S^ = Yp T 

where Y^ s is an open subset of Y^ S ' T , so their normal bundles A/"/? and A/"^ are related by 

A/J|r^ = Q/pp@Np\Y** 

where g and are the Lie algebras of G and Pp. Therefore on restriction to Y^ s (or to Z% s ) 
we have 

6/3 " ^ 

so the restriction of VpTG^(r]) to #stab(/3) (^f S ) is 
Hence the restriction to Hq(Sp) of 

-i- 5>in, {vpTG T p{r])) = * x)(-ir^r^H) 

' ' iugvf ' ' men' 

is 

' ' mew 

as required, since e# and 77 G H^Sp) are iy-invariant. 
Proof of Lemma 17.101 First recall from Lemma \7. 91 that the map 

p : [^(X)] anW -> = H* G {X) 

defined by 

1 1 wew 

is a bijection whose inverse is given by multiplication by T>, since if ( is PF-invariant then 
p(VQ = C an d if C is anti-invariant then T>p(Q = ( (cf. jS] (4.3)). Suppose that rj € Hq(X). 
If 77 G ker p, then by Lemma 17.21 we can write 

/3e£\{o} 
27 



for some r\p G ^stab(/3) i^p) representing an element of H^^Sp) = H^ tah ^(Z^ s ), where TGp : 
H^ m (Sp) -> H* G (X) is any liftto X of the Thom-Gysin map TGp : H^' m (Sp) -> F^t/^). 
By Lemma [7.1 HI we can choose TG/? so that 



T T 

where TGp is a lift of the Thom-Gysin map TGp and the choice of these lifts TGp respects 
the action of W. Then 

Vr l = E 7^E(- i r P ^ TG ^(^) G imTGj = kerp T . 

/3e6\{o} peB T \{0} 

Conversely, suppose that Vr] G ker py. Then by Lemma \7. 21 

^= £ TG%p) (7.2) 

/3Gfi T \{0} 

for some i]p G H^(Zp) representing an element of H^(S^) £ H^(Zp T ) } where TG^ is any lift 
to Hq(X) of the Thom-Gysin map TGj. But ?7 is VT- invariant, so P?? is anti-invariant, and 



so 



™i eM/ /3e# T \{0} 



T 

if the lifts TGp are chosen to respect the action of W. We have 

B T = {wp : w G W, (3 G £} 
and if to G W and j3 <E B then u>/3 = /3 if and only if u> G Wp. Thus 

Vri = w\ E E E ^ e ^yr^^) 

/3ei3 T \{0} ^ew /31 

1 x ^ / -~r~-T f x — r ...f-lV 1 " 2 



IWI 



E E c- 1 )^ ( TG £ (E e w^^^-w) ) 



/3ei3 T \{0} w ^ w 

If w G Wp then 



w 
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«i 3 ew 1 Pl w 3 gw 1 



Since elements of H^(Zp) which are anti-invariant under the action of Wp are multiples of 
Vp, it follows that 



w 2 ew 



for some C/3 € [fl?.^)]^ = H* t&h{(5) (Zp) and hence 



^ = Pi E £(-l)^(2V^(C,) 

/3ei3 T \{0} ™ eW 



so that 



r] G imTGg = ker p 

PeB\{0} 

by Lemmas 17.21 and 17.131 This proves the equivalence (i) (ii), and the same argument 
shows that the bijection 

H* G {X) -> [#;(X)] anW 

given by multiplication by D restricts to a bijection from ker p to ker D [iJ^(X)] anhW . 

The observation that the equivalence (2) (m) follows directly from Lemma 17.51 when 
X ss = X s now completes the proof of Lemma 17.101 However it is also easy to show directly 
that if X SS > T = X S > T then (ii) (Hi) for any r] G H* G (X) [H^(X)} W ; that is, Vr] G ker p T if 
and only if V 2 r] G ker px- This follows from Lemma f7.5l applied to the action of T c , together 
with Poincare duality on X//T c and the surjectivity of pr, as 



Vr] G kerp T / p T (Vr])p T (Q = for all C G 

JX//T C 

Since £>?7 is anti-invariant, this holds for all £ G H^(X) if and only if it holds for all anti- 
invariant £; that is, for all £ of the form 2}£ where £ G [H^(X)] W . Thus 

D77Gkerp T ^0= / p T (Vr])p T (V£) = [ p T (V 2 r]t) 

JX//T C J X//T c 

for all invariant £ G H^(X), or equivalently (since £> 2 r/ is invariant) for all £ G H£(X). But 
by Poincare duality again we have 

/ Pt(V 2 V = 

Jx//t c 

for all £ G H^(X) if and only if pt(V 2 t]) = 0, as required. 
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Remark 7.14 These ideas are used in jl] to obtain a complete set of relations between the 
standard generators of the moduli space Ai(n,d) of stable holomorphic vector bundles of 
rank n and degree d over a fixed compact Riemann surface of genus g > 2 when n and d 
are coprime. There the role of X//G is played by the moduli space A4(n, d), and the role of 
X//T c is played by the corresponding moduli space of parabolic bundles where the parabolic 
structure is associated to a full flag. The generic perturbation of the linearisation used in §6 
to obtain a refined stratification is played by a generic perturbation of the parabolic weights. 

Example 7.15 Suppose that X = P n and that as usual the maximal torus T c of G acts with 
weights azo, . . . ,a n . In this case the closure 5j = Yp of any T c -stratum Sj is a linear subspace 

T 

of F n and hence is nonsingular. Thus there is an obvious choice of lift TGp to X of the 
Thom-Gysin map TG^ which is given by the Thom-Gysin map associated to the inclusion of 
in X. We have 

Ht(X) = H*{BT)[Q/X 

where I is the ideal in the polynomial ring H*(BT)[(] generated by the polynomial (£ + 
a o) ■ ■ ■ (C + a n ), while 

" V 

where Tp is the ideal generated by 

n (c+%)> 

aj./3>|/3|| 2 

and 

TG (lp + r ] )=l + r ] J] (C + a 3 

Oj.P<\P\ 



where 

n cc+«i) 

^•/3<l/3| 2 

represents the equivariant Euler class of the normal bundle to S*J in X. Also 

H* T {Zp)^H*{BT)[C]lJp 
where J p is the ideal generated by 

n (c+«i)- 

Hence by Lemma f7. 131 there are lifts to X of the Thom-Gysin maps 

T* — \(/3) / ySS 

represented by 



TC 1 ■ U*~HP) I >7SS\ r-u TT*—HP)/Q \ , TT* (TT \ 



TGp(jp+ V )=i+-—j2(-ir™[vpv n (c+«i) 
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and by Lemma 17.21 the equivariant cohomology ring Hq(X ss ) is isomorphic to the quotient 
of the polynomial ring H*(BT)[Q by the ideal generated by (( + a ) • • • (C + oc n ) and all 
polynomials in ( with coefficients in H*(BT) of the form 

1 ' \ ^./3<||/3|| 2 

for some (3 G B \ {0} and 77 G #*(BT)[C]. 

When G = SL(2; C) acts on X = P n as in Example 15.41 then the weights are 

na, (n — 2)a, . . . , —na 

where a is a basis vector for t and 

n 

B = {(2j-n)a:j > -} U {0}. 

Moreover \W\ = 2 and V = 2a, and if (3 = (2j — n)a e6 \ {0} then £>g = 1 and TGp sends 
Jp + n((,a) to 



x + h v {c a) n (c + {n - 2k)a) - v{c ~ a) ri(c 

\ fc>7 k>j 



(n - 2k)a) 

k>j k>j 

Thus when n is odd H*(X//G) is generated as a Q-algebra by £ and a with relations given by 

(n - 2Jfe)a) 



^ ( i?(C, a) II(C + (n - 2fc)o) - 77(C, -«) ]](( - (» 



for all polynomials 77 in £ and ct. 

Example 7.16 When G = SL(2;C) acts on X = (Pi) 71 the stratification {Sy. (3 e B} is 
described in Example 15.31 it differs from the Morse stratification {Sp : (3 G B} for ||/i|| 2 only in 
that when n is even the open stratum So = X ss is decomposed into the union of three strata, 
which are 5(0) = X s together with S(t) and S(t,2)- Here H*(BT) = Q[a\ where a has degree 
two and the nontrivial element of the Weyl group sends a to —a, while H^(X) is generated 
by n + 1 elements Cij • • • > Cn, ot of degree two subject to the relations 

(Ci) 2 = • • • = (Cn) 2 = c? (7.3) 

and Hq(X) is generated by (±, . . . , ( n and a 2 subject to the same relations. The connected 
components Sj of the strata Sp for (3 G B \ {0} are indexed by subsets J of {1, ... ,n} of 
size I J\ > n/2, and their elements are sequences (xi, . . . ,x n ) G (Pi) n for which there is some 
p G Pi satisfying Xj = p if and only if j G J. The connected components Sj of the T-strata 
Sp are defined in the same way with p = or p = 00. We have 

SJ S (Pi)""!- 7 ! 
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and if {1, . . . , n} \ J = . . . , i n -\j\} then the associated Thom-Gysin map 

TG T j : Hf 2lJl (Sj) ^H*(X) 



sends a polynomial p(( h , C, in _ w a) G H^.((P 1 ) n |J| ) to 

p(( h , . . . , Q n _ w a) + a) G ^((Pi) B ). 

Thus by Lemma \7. 131 a lift 

TGj : H*a m+2 {Sj) = H*~ 2 ^ +2 (BT) -> (X) 
of the Thom-Gysin map TGj is given by 

TGj(p(a)) = ±- (p(a) J]^ + a) - p(-a) JJ(C* " «) ) ■ 

It follows that Hq(X ss ) is generated by £1, . . . , ( n and a 2 subject to the relations ()7.3j) and 

I ( I[(0 + «) - 11(0 - a) ] = = n(0 + a) + 11(0 - a) (7-4) 

Vie-' ieJ / ieJ jeJ 

for all subsets J of {1, . . . , n} with | J\ > n/2. 

When n is even then the components of 5m are indexed by partitions of {1, . . . ,n} into 
JxU J 2 where | J x \ = \J 2 \ = n/2, and their elements are sequences (xi, . . . , x n ) G (Pi) n for which 
there are p\ ^ p 2 in Pi satisfying Xj = p\ if j G J\ and Xj = p 2 if j G J 2 - The components of 
S(t,2) are indexed by subsets J\ of {1, . . . , n} with | J\\ = n/2, and their elements are sequences 
(x\, . . . , x n ) G (Pi) n for which there is some p\ G Pi satisfying Xj = p\ if and only if j G J±, 
but no p 2 G Pi satisfying Xj = p 2 if j G {1, . . . ,n} \ J. We have 

h g( S {Ji,J2}) — H*(BT) = Hq(S J:l U S {Ji j 2} ) 

and the restriction map from Hq^Sj, U S^,,^}) to if^SjJ is surjective. Lifts to Hq(X) of 
the Thom-Gysin maps 

TG {JuJ2} : #c- 2 " +4 (S {JliJ2} ) - H* G (X SS ) (7-5) 

and 

TG, h : HZ*+*{SjJ - if£(X ss \ 5 {Jl|j2} ) (7.6) 

are given by 

TG {Ji,J 2 } (P(«)) = 



^ W)« n/H 11(0 +«) -p(-«)(-a) n/2 - 1 11(0 - 



a 
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and 



TGj, (p(a)) = ±C 




Thus the kernel of the restriction map 



is generated by the relations (|7.4|) for all subsets J of {1, ...,n} with \J\ > n/2. Note 
however that although the Thom-Gysin maps (|7.5jl and ()7.6|) are injective, the Thom-Gysin 
map associated to the inclusion of Sj 2 in X ss \ (S^j lt j 2 \ U SjJ (which is just the composition 
of TG j 2 as at (|7.6|) with restriction from X ss \ S{j 1; j 2 y to X ss \ (S{j lt j 2 y U SjJ ) is not injective, 
and the restriction map from H G (X) to H G (X S ) = H*(X S /G) is not surjective when n > 4 is 
even. For example, when n = 4 then X s /G = ¥\ \ {0, 1, oo} and so 



whereas the equivariant cohomology Hq(X) of X is all in even degrees. 
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